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Abstract
For a scalar delay logistic equation
_y(t) = y(t)
mX
k=1
rk(t)

1− y(hk(t))
K

; hk(t)6t;
a connection between oscillating properties of this equation, the corresponding dierential inequalities and the linear
equation
_x(t) +
mX
k=1
rk(t)x(hk(t)) = 0;
is established. Explicit nonoscillation and oscillation conditions are presented. c© 2000 Elsevier Science B.V. All rights
reserved.
1. Introduction
The delay logistic equation
_y(t) = r(t)y(t)

1− y(h(t))
K

; h(t)6t; (1)
is known as Hutchinson’s equation, if r and K are positive constants and h(t) = t −  for a pos-
itive constant . Hutchinson’s equation has been investigated by several authors, see, for example,
[6,7,9,10]. The oscillation of solutions of delay logistic equation (1) has been investigated by Gopal-
samy and Zhang [3,11], who gave sucient conditions for the oscillation of (1). These conditions
are presented below.
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If
lim
t!1 inf
Z t
h(t)
r(s) ds> 1=e;
then all solutions of (1) are oscillatory.
If
lim
t!1 sup
Z t
h(t)
r(s) ds< 1=e;
then Eq. (1) has a nonoscillatory solution.
In order to introduce several delays, Eq. (1) has been modied to the form
_y(t) = r(t)y(t)
 
1− 1
K
mX
k=1
aky(t − k)
!
; (2)
where ak and k are nonnegative constants. For the recent contributions to the study of Eq. (2) we
refer to Refs. [3,5,8].
Other generalizations of Eq. (1) and the relevant references are presented in the recent monograph
[2].
The paper [4] contains an interesting method for the research of oscillation of the multiplicative
delay logistic equation
_y(t) = r(t)y(t)
 
1−
mY
k=1
y(gk(t))
K
!
: (3)
The authors connect the oscillatory properties of Eq. (3) with the oscillation of a certain linear delay
dierential equation. The proof of this result employs the relation between the oscillatory properties of
an linear equation and the corresponding inequality, the generalized characteristic equation [5], etc.
The methodology of the present paper is close to [4]. We consider the additive delay logistic
equation
_y(t) = y(t)
mX
k=1
rk(t)

1− y(hk(t))
K

: (4)
We prove that the oscillation properties of (4) can be deduced from the corresponding properties of
the linear equation
_x(t) +
mX
k=1
rk(t)x(hk(t)) = 0: (5)
The proof of this result employs the following property of Eq. (5) which was obtained in [1]:
nonoscillation of (5) is equivalent to the existence of a positive solution of a specially constructed
nonlinear integral equation. This equation is essential here, for example, for the application of the
xed point theory when proving the existence of a nonoscillatory solution of (4). Probably such an
application of the xed point method is new for a logistic equation and its various generalizations.
The paper is organized as follows. In Sections 2{4 we consider the equation, which is obtained
from (4) by the following substitution:
x(t) =
y(t)
K
− 1:
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Section 2 contains relevant denitions and notation. In Section 3 sucient oscillation properties are
obtained. Section 4 deals with nonoscillation. Besides, in Section 4 the equivalence of nonoscillation
properties of the dierential equation and the corresponding dierential inequality is established.
On the base of the results of the previous sections in Section 5 the sucient conditions for
the oscillation of all the solutions of the delay logistic equation (4) and for the existence of a non-
oscillatory solution are obtained.
2. Preliminaries
Consider a scalar delay dierential equation
_x(t) =−
mX
k=1
rk(t)x(hk(t))(1 + x(t)); t>t0; (6)
with the initial function and the initial value
x(t) = '(t); t < t0; x(t0) = x0; (7)
under the following conditions:
(a1) rk ; k=1; : : : ; m; are Lebesgue measurable functions essentially bounded in each nite interval
[0; b]; rk(t)>0,Z 1
t0
mX
k=1
rk(s) ds=1; lim
t!1 inf
mX
k=1
Z t
maxk hk (t)
rk(s) ds> 0;
(a2) hk : [0;1)! R are Lebesgue measurable functions, hk(t)6t; limt!1 hk(t)=1; k=1; : : : ; m;
(a3) ' : (−1; t0)! R is a Borel measurable bounded function.
Denition. An absolutely continuous on each interval [t0; b] function x :R ! R is called a solution
of problem (6), (7), if it satises Eq. (6) for almost all t 2 [t0;1) and equalities (7) for t6t0.
We will present here some lemmas which will be used in the proof of the main results.
Consider the linear delay dierential equation
_x(t) +
mX
k=1
rk(t)x(hk(t)) = 0; t>t0; (8)
and the dierential inequality
_x(t) +
mX
k=1
rk(t)x(hk(t))60; t>t0: (9)
Lemma 1 (Berezansky and Braverman [1]). Let (a1){(a3) hold. Then the following statements are
equivalent:
1. There exists a nonoscillatory solution of Eq. (8).
2. There exists a positive solution of inequality (9).
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3. There exists t1>t0 such that the inequality
u(t)>
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds

; t>t1; (10)
has a nonnegative locally integrable in [t1;1) solution.
Lemma 2 (Berezansky and Braverman [1]). Suppose that for the equation
_x(t) +
mX
k=1
ak(t)x(gk(t)) = 0; t>0; (11)
assumptions (a1) and (a2) hold.
1. If ak(t)6rk(t); gk(t)>hk(t) and Eq. (8) has a nonoscillatory solution; then Eq. (11) has a
nonoscillatory solution.
2. If ak(t)>rk(t); gk(t)6hk(t) and all the solutions of Eq. (8) are oscillatory; then all the solutions
of Eq. (11) are oscillatory.
Lemma 3 (Gyori and Ladas [5]). Let (a1){(a3) hold. If
lim
t!1 sup
mX
k=1
Z t
mink hk (t)
rk(s) ds61=e; (12)
then Eq. (8) has a nonoscillatory solution. If
lim
t!1 inf
mX
k=1
Z t
maxk hk (t)
rk(s) ds> 1=e; (13)
then all the solutions of Eq. (8) are oscillatory.
3. Oscillation criteria
In this section we suppose that for a solution of (6) the following condition holds:
1 + x(t)> 0: (14)
Theorem 4. Suppose for every suciently small >0 all the solutions of the linear equation
_x(t) =−(1− )
mX
k=1
rk(t)x(hk(t)); t>t0; (15)
are oscillatory. Then all the solutions of Eq. (6) are oscillatory.
Proof. Suppose (6) has a nonoscillatory solution. Then by (14) either there exists a positive solution
x(t)> 0 for t>T or there exists a solution x(t) such that −1<x(t)< 0 for t>T . We can assume
that hk(t)>t0 for t>T .
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First suppose x(t)> 0 for t>T . From (6) we have
_x(t) +
mX
k=1
rk(t)x(hk(t))60; t>T:
Lemma 1 implies that for =0 Eq. (15) has a nonoscillatory solution, which gives a contradiction.
Suppose now −1<x(t)< 0 for t>T . Let us introduce function u as a solution of the following
equation
_x(t) =−u(t)x(t)(1 + x(t)); x(T ) = x0< 0: (16)
Eq. (6) and inequality 1 + x> 0 imply _x(t)>0. Then u(t)>0.
From (16) we obtain
x(t) =− expf−
R t
T u(s) ds+ cg
1 + expf− R tT u(s) ds+ cg ; (17)
where
c = ln [jx0j=(1 + x0)]:
By substituting (17) in (6) we have
u(t)
expf− R tT u(s) ds+ cg
1 + expf− R tT u(s) ds+ cg =
mX
k=1
rk(t)
expf− R hk (t)T u(s) ds+ cg
1 + expf− R hk (t)T u(s) ds+ cg :
Hence
u(t) =
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds

1 + expf− R tT u(s) ds+ cg
1 + expf− R hk (t)T u(s) ds+ cg : (18)
Equality (18) implies u(t)>
Pm
k=1 rk(t); rk(t) satisfy (a1), therefore,
R1
T u(s) ds=1. Consequently
there exists T1>T such that
max
16k6m
1 + expf− R tT u(s) ds+ cg
1 + expf− R hk (t)T u(s) ds+ cg> 1− 
for t>T1.
Equality (18) yields
u(t)>(1− )
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds

; t>T1:
By Lemma 1 Eq. (15) has a nonoscillatory solution, which contradicts to the assumption of the
theorem.
Corollary 5. Suppose ak(t)>rk(t); gk(t)6hk(t) and the assumptions of Theorem 4 hold. Then all
the solutions of equation
_x(t) =−
mX
k=1
ak(t)x(gk(t))(1 + x(t)); t>t0; (19)
are oscillatory.
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Proof. Follows from Theorem 4 and Lemma 2.
Corollary 6. If (13) holds then all the solutions of (6) are oscillatory.
Proof. Inequality (13) yields that for some > 0
lim
t!1 inf (1− )
mX
k=1
Z t
hk (t)
rk(s) ds> 1=e:
Lemma 3 implies that all the solution of (15) are oscillatory. By Theorem 4 all the solutions of (6)
are oscillatory.
4. Non-oscillation criteria
Theorem 6. Suppose for every suciently small >0 there exists a nonoscillatory solution of the
linear equation
_x(t) =−(1 + )
mX
k=1
rk(t)x(hk(t)); t>t0: (20)
Then Eq. (6) has a nonoscillatory solution.
Proof. Lemma 1 implies that for some T>t0 and for t>T there exists a nonnegative solution u0
of the inequality
u(t)>(1 + )
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds

; t>T: (21)
This inequality implies u0(t)>
Pm
k=1 rk(t), hence
R1
T u0(s) ds=1. Let c be some negative number.
Then there exists T1>T such that
max
16k6m
1− expf− R tT1 u0(s) ds+ cg
1− expf− R hk (t)T1 Pmk=1 rk(s) ds+ cg< 1 + ; t>T1 (22)
and by (a1)
min
16k6m
exp
(Z t
hk (t)
mX
k=1
rk(s) ds
)
1− expf− R tT1Pmk=1 rk(s) ds+ cg
1− expf− R hk (t)T1 u0(s) ds+ cg > 1; t>T1: (23)
For t>T1 inequalities (21) and (22) yield
u0(t)>
mX
k=1
rk(t)exp
Z t
hk (t)
u0(s) ds
 1− expf− R tT1 u0(s) ds+ cg
1− expf− R hk (t)T1 Pmk=1 rk(s) ds+ cg : (24)
Let us x t1>T1 and consider the nonlinear operator
(F1u)(t) =
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds
 1− expf− R tT1 u(s) ds+ cg
1− expf− R hk (t)T1 Pmk=1 rk(s) ds+ cg
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in the Banach space L1[T1; t1] of all Lebesgue measurable functions essentially bounded in [T1; t1].
We have
(F1u)(t) =
mX
k=1
rk(t)
exp
nR t
T1
u(s) ds
o
expfR tT1 k(t; s)u(s) dsg
1− expf− R tT1 u(s) ds+ cg
1− expf− R hk (t)T1 Pmk=1 rk(s) ds+ cg ; (25)
where k(t; s) = 1, if s<hk(t)<t and k(t; s) = 0; if hk(t)<s.
Since c< 0 and the integral operators in (25) are continuous operators in the space L1[T1; t1],
then operator F1 is continuous in this space.
Consider all the functions v 2 L1[T1; t1] such that
mX
k=1
rk(t)6v(t)6u0(t):
We have (F1v)(t)>
Pm
k=1 rk(t). Inequality (22) implies
(F1v)(t)6
mX
k=1
rk(t)exp
Z t
hk (t)
u0(s) ds
 1− expf− R tT1 u0(s) ds+ cg
1− expf− R hk (t)T1 Pmk=1 rk(s)) ds+ cg
6 (1 + )
mX
k=1
rk(t)exp
Z t
hk (t)
u0(s) ds

6u0(t):
Hence for each v such that
Pm
k=1 rk(t)6v(t)6u0)(t) we have
Pm
k=1 rk(t)6(F1v)(t)6u0(t).
Knaster’s Fixed Point Theorem [2] implies that there exists u1,
Pm
k=1 rk(t)6u1(t)6u0(t), such that
u1 = Fu1. It means that
u1(t) =
mX
k=1
rk(t)exp
Z t
hk (t)
u1(s) ds
 1− expf− R tT1 u1(s) ds+ cg
1− expf− R hk (t)T1 Pmk=1 rk(s) ds+ cg : (26)
Consider the operator
(F2u)(t) =
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds
 1− expf− R tT1 u(s) ds+ cg
1− expf− R hk (t)T1 u1(s) ds+ cg :
If
Pm
k=1 rk(t)6v(t)6u1(t) then (26), (23) imply
(F2v)(t)6
mX
k=1
rk(t)exp
Z t
hk (t)
u1(s) ds
 1− expf− R tT1 u1(s) ds+ cg
1− expf− R hk (t)T1 u1(s) ds+ cg6u1(t)
and
(F2v)(t)>
mX
k=1
rk(t)exp
(Z t
hk (t)
mX
k=1
rk(s)(s) ds
)
1− expf− R tT1Pmk=1 rk(s) ds+ cg
1− expf− R hk (t)T1 u0(s) ds+ cg
>
mX
k=1
rk(t):
Hence
Pm
k=1 rk(t)6(F2v)(t)6u1(t) and as for the previous case we obtain that there exists a solution
u2 of the equation u= F2u such that
Pm
k=1 rk(t)6u2(t)6u1(t).
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By induction we prove that there exists solution un;
Pm
k=1 rk(t)6un(t)6un−1(t), of the equation
u= Fnu, where
(Fnu)(t) =
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds
 1− expf− R tT1 u(s) ds+ cg
1− expf− R hk (t)T1 un−1(s) ds+ cg :
A monotone bounded sequence fung has a limit u= limn!1 un and this function is a solution of
the equation
u(t) =
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds
 1− expf− R tT1 u(s) ds+ cg
1− expf− R hk (t)T1 u(s) ds+ cg : (27)
After simple computations we see that a function
x(t) =
expf− R tT1 u(s) ds+ cg
1− expf− R tT1 u(s) ds+ cg ; c = ln
x(T1)
1 + x(T1)
is a positive solution of Eq. (6) for T16t6t1. Since t1 is an arbitrary number, we have a positive
solution for all t>T1.
Corollary 7. Suppose ak(t)6rk(t); gk(t)>hk(t) and the assumptions of Theorem 6 hold. Then
there exists a nonoscillatory solution of Eq. (19).
Corollary 8. If
lim
t!1 sup
mX
k=1
Z t
mink hk (t)
rk(s) ds< 1=e
then Eq. (6) has a nonoscillatory solution.
Theorem 9. Suppose T1 is as in the proof of Theorem 6; i.e. such that (22) holds. If the dierential
inequality
_z(t)6−
mX
k=1
rk(t)z(hk(t))(1 + z(t)); t>T1; (28)
has a positive solution z then (6) also has a positive solution x for t>T1; such that z(T1) =
x(T1); z(t)6x(t); t>T1.
If the dierential inequality
_z(t)>−
mX
k=1
rk(t)z(hk(t))(1 + z(t)); t>T1; (29)
has a solution z such that −1<z(t)< 0; then (6) also has a solution x such that z(T1) = x(T1);
−1<x(t)6z(t)< 0; t>T1.
Proof. Suppose z(t)> 0 is a solution of (28). Denote a function u0 as a solution of the following
equation
_z(t) =−u0(t)z(t)(1 + z(t)); z(T1) = z0> 0: (30)
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Then for the solution of (28) we have
z(t) =
expf− R tT1 u0(s) ds+ cg
1− expf− R tT1 u0(s) ds+ cg ; (31)
where c = ln(z0=1 + z0). After substituting (31) in (28) we obtain the inequality
u0(t)>
mX
k=1
rk(t)exp
Z t
hk (t)
u0(s) ds
 1− expf− R tT1 u0(s) ds+ cg
1− expf− R hk (t)T1 u0(s) ds+ cg : (32)
Denote now the nonlinear operator
(F1u)(t) =
mX
k=1
rk(t)exp
Z t
hk (t)
u(s) ds
 1− expf− R tT1 u(s) ds+ cg
1− expf− R hk (t)T1 u0(s) ds+ cg :
By repeating the proof of Theorem 6 we obtain that Eq. (6) has a positive solution x for t>T1.
For this solution we have
_x(t) =−u(t)x(t)(1 + x(t)); x(T1) = z0> 0;
where u is a solution of Eq. (27). Then
x(t) =
expf− R tT1 u(s) ds+ cg
1− expf− R tT1 u(s) ds+ cg : (33)
From the proof of Theorem 6 we have u(t)6u0(t). Equalities (31), (33) imply, that z(t)6x(t).
Consider now the case −1<z(t)< 0. Suppose u0 is a solution of (30) with z0< 0, then for the
solution of (29) we have
z(t) =− expf−
R t
T1
u0(s) ds+ cg
1 + expf− R tT1 u0(s) ds+ cg ; c = ln
−z0
1 + z0
:
By substituting this equation in (29) we obtain
u0(t)>
mX
k=1
rk(t) exp
Z t
hk (t)
u0(s) ds

1 + expf− R tT u0(s) ds+ cg
1 + expf− R hk (t)T u0(s) ds+ cg :
From this inequality we derive that there exists a nonnegative solution u of (27). Then
x(t) =− expf−
R t
T1
u(s) ds+ cg
1 + expf− R tT1 u(s) ds+ cg ; (34)
is a solution of (6) such that −1<x(t)< 0. Inequality x(t)6z(t) on can obtain as for the positive
case.
5. Main results
Consider now delay logistic equation (4), where rk ; hk satisfy conditions (a1) and (a2), K > 0,
and initial function  satises (a3). Then there exists a unique solution of (4) with the initial
condition
y(t) =  (t); t < t0; y(t0) = y0: (35)
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We will assume
(a4) y0> 0;  (t)>0; t < t0.
Then as for the case m= 1 [3,11] the solution of (4) and (35) is positive.
A positive solution y of (4) is said to be oscillatory about K if there exists a sequence tn; tn !1,
such that y(tn)−K = 0; n= 1; : : : ; and y is said to be nonoscillatory about K if there exists T>t0
such that jy(t)− K j> 0 for t>T .
Suppose y is a positive solution of (4) and dene x as x = y=K − 1. Then x is a solution of (6)
such that 1 + x> 0. Hence oscillation (or nonoscillation) of y about K is equivalent to oscillation
(nonoscillation) of x. Besides, y(t)>K for t>T is equivalent to x(t)> 0 for t>T .
By applying Theorems 4, 6, 9 we obtain the following results for Eq. (4).
Theorem 10. Under the assumptions of Theorem 4 all the solutions of (4) are oscillatory about K .
Theorem 11. Under the assumptions of Theorem 6 Eq. (4) has a nonoscillatory solution about K .
Theorem 12. Suppose T1 is as in the proof of Theorem 6. If the inequality
_z(t)6z(t)
mX
k=1
rk(t)

1− z(hk(t))
K

has a solution z such that z(t)>K; then (4) has a solution y such that y(t)>z(t)>K .
If the inequality
_z(t)>z(t)
mX
k=1
rk(t)

1− z(hk(t))
K

:
has a solution z such that 0<z(t)<K; then for the solution of (4) we have 0<y(t)6z(t)<K .
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